The following is a geostatistical study of copper measurements on samples from diamond drill-holes and blast-holes. Both measurements are formally compared, leading to a model where a blast-hole can be considered a regularization of the drill information up to a nugget effect characteristic of the blast-holes. This formal link makes it possible to build a cokriging system that takes into account the different supports and leads to a block model based on blast and drillholes. The model is tested on a realistic simulation where the true block grades, which are known, are compared to their estimate obtained by:
Introduction
Typically, in open-pit mines, geologists, mining engineers, metallurgists, have at their disposal two types of grade measurements: those from drill-holes and those from blast-holes. Because they are much more expensive, the drill-holes (diamond ones in our case) are fewer than the blast-holes and sampling rates ranging from one over three to one over ten or worse are frequent. Another difference concerns the way the measurements are used. Drill-holes are used for medium-and longterm planning; blast-holes for short-term planning without any need for geostatistics; a simple moving average is often used to estimate the block quantity of the metal. The use of two types of measurements, that are supposed to represent the same thing, raises questions about their relationship. In particular, would it not be possible to enrich the short-term estimates, now based only on blast-holes, by adding the drill-holes measurement as they arrive? Another question, is it permitted to use a simple moving average based on blast-holes for the block estimation? Finally, it is often said, without real justification, that the diamond drill-holes are much better than the blast ones. We ask: better in what way, better for what, and is it true? After having modeled this relationship, we present some linear systems that make it possible to filter the nugget effect of the blast-holes, removing their regularization effect and using the blast and the drill-holes together in a single linear system. These are just demonstrative exercises; one can imagine other possibilities resulting from the formal link between two types of measurements known over two different supports.
Formal link
The initial data ( Figure 1) are from an open-pit copper mine in Northern Chile where a subdomain was chosen for analysis because it is almost homogeneously covered by around 3,000 drill-hole samples (3m long) and 13,000 blast-hole samples (15m long). In this case study, the diameters of the drill-holes and blast-holes are considered to be the same. In a previous paper (Séguret, 2015) , the author showed that if we omit the problem of the nugget effect, both blast-and drill-holes can be considered a regularization of the same phenomenon in accordance with their respective supports. But the drill-holes have their own errors, independent of the blast ones, so that they do not share the nugget effect and finally, we have:
with Y(x,y,z), the point grade assumed to be isotropic and without any measurement error; "*" denotes a convolution product; 1 (| |) z the indicator function equal to 0 outside the interval [-7.5m, 7 .5m] and 1 inside it; R(x,y,z), a "white noise" residual, statistically and spatially independent of Y(x,y,z) and representing the blast error The variogram of Y blast (x,y,z) becomes: 
Resulting linear systems
From equations (1) and (2) some linear systems can be deduced, in the following we propose three of them that are tested on a conditional simulation.
Removing the blast error by kriging
One can remove the blast error by "Factorial Kriging" estimation (Matheron, 1982) , using a linear system applicable to each blast measurement and a local neighborhood of surrounding blast samples. The system is presented symbolically by matrix formalism:
In this system, R  disappears from the second member of the linear system and is replaced by 2 R  , the value of the nugget effect. Thus, we remove, from the estimation, the part associated with the measurement error. This does not mean that there is no nugget effect in the remaining part 15m  ; it means that only the "natural" part remains. In our case, the complete nugget effect has to be removed because blasts and drills do not share any micro-structure. The result of the estimation is the average value of the grade over the blast support at blast-sample locations with no measurement error.
Deconvolution by kriging
It may be interesting to remove the effect on the blast of regularization by using a kriging system which estimates, for each blast measurement, a "point" value while simultaneously removing the part of the nugget effect associated with blast errors:
The difference with the previous system is that in the second member, 15 15 15
(lower case p). Initially developed to improve microscopy images of thin plates in the petroleum industry (Séguret,1988; Le Loch, 1990) , deconvolution by kriging was later compared to other approaches (Jeulin, 1992) and has sometimes been used in recent years, for example by Desnoyers, 2014. 
Block estimate by cokriging drill-and blast-measurements
Finally, one can imagine renewing the mine planning block model locally by using blast and drill samples together in a cokriging system with a linked mean (same average for both measurements, Chiles, 2012):
As usual, the matrix on the left in the linear system concerns only the data; here, a set of drill and blast measurements. As a consequence, it is composed on the diagonal of sub matrices where the variogram of the drill-holes (regularization over 3m) and the variogram of the blast-holes (regularization over 15m) appear. The cross sub matrix, which concerns the link between blast-and drill-holes, is based on a regularization of the point support variogram over both supports, which is the reason why 3 ,15
to a usual cokriging system that one can find in the literature (Wackernagel, 2003) , the linked mean constraints reduce to one line and one column the sub matrix associated with the non-bias constraints. Without this simplification, there would be two lines and two columns. In practice, the consequence is important because here the drill and blast measurements play the same role while in a normal cokriging system, one of the measurement types would be considered auxiliary, thus reducing its relative influence on the final result. In the right-hand vector, the term V p appears because the objective is to estimate the average grade over a vsized block. This convolution is combined with previous regularizations.
Simulation
A refined simulation of point-support grades was made every meter horizontally and every 20 cm vertically. It reproduces the data-set properties. Then, 100 vertical drill-holes were created by averaging, every 50 m horizontally, all the values along 3 m vertically. In this way we obtained 4,200 drill samples. Similarly, more than 13,000 vertical 15 m-long blast-holes were produced with a horizontal spacing of 12 m. The true 15 3 m 3 block value is found by averaging more than 16,000 point-support values contained in the block. The sampling ratio is approximately one drill-hole sample to three blast-hole samples and the domain covered by the simulation is 500 by 500 m 2 horizontally and 125 m vertically. The following figure summarizes the grids involved.
Figure 2. Blast-and drill-holes grid nodes involved in the simulation
For simplification, the drill samples have no errors. We add to the blast samples a random noise with a nugget effect of 0.02, representing the blast sampling error. The grades are realistic with a 0 minimum, 3.5 % maximum; an average of 0.63 % as in the real deposit and the distribution is correctly skewed to the right. We verify that the sills of the drill, blast and block variograms obey the laws of regularization by following the procedure presented in Séguret (2015) which is based on the charts by Journel (2003) pages 125-147. Figure 3 shows the result. 
Removing the blast error by kriging
In the first test we propose to remove the blast error by using the linear system (I). This filter can be applied to every blast measurement, using a local neighborhood of surrounding blast samples. The neighborhood must contain the sample from which the noise is to be removed; otherwise, the filtering is not efficient. For comparison, the estimation is made by kriging with no filtering, using the same neighborhood (but without the target sample, otherwise the kriging will obviously give back the value of the data point).
We select, among all the simulated blasts, a subset of around 1,000 samples on which estimations will be conducted, using the additional samples in case of ordinary kriging and all the samples in case of nugget filtering. The reference is the "truth" i.e. the blast without errors which we know because we work on a simulation where everything is known. Figure 4 shows the results. On these scatter diagrams the horizontal axis represents the true blast value without any sampling error. On the left-hand scatter diagram, the vertical axis is a usual kriging. The correlation with the truth is 0.65. On the right-hand one, when the filtering is activated, the correlation increases to 0.896. Why? With filtering, the kriging neighborhood can incorporate the target point where the filter is applied. This point takes a high kriging weight (more than 65%). Although noisy, this point is closer to the truth than any average based on surrounding points which explains why the filter estimate is closer to the truth. Finally, the advantage of this linear system (I) is to enable the kriging neighborhood to incorporate the target point information.
Deconvolution by kriging
Now we propose a second test: removing the effect of regularization on the blast with a kriging system that estimates a "point" value for each blast measurement, while simultaneously removing the part of the nugget effect associated with blast errors. By this procedure, we expect to restore the initial variability of the pointsupport value judged to be too strongly smoothed by the regularization. The linear system used is (II). A comparison is made with the true point value and with previous estimates (estimating a blast with or without nugget effect). Figure 5 shows the results. In the three scatter diagrams, the horizontal axis represents the true point-support value. The upper left-hand scatter figure presents the result when a deconvolution is made jointly with error filtering. The correlation with the true value is good at 0.85. The upper right-hand figure presents the result of the error removal with no deconvolution. It corresponds to the previously presented system but this time as compared with the point-support value; this is the reason why the correlation is 0.78 and not 0.89 when compared to the blast values. In comparison with the lefthand figure, the deconvolution increases significantly the accuracy of the estimation. The bottom figure shows the results when neither filtering nor deconvolution is done. The correlation is very low, it is 0.55. As for nugget filtering, the deconvolution is efficient because the linear system authorizes the use of the target points where the filter is applied.
Block estimate by cokriging of drill and blast measurements
The third test is made to renew the mine planning block model locally by using blast and drill samples together. The system used is (III), a cokriging system with linked mean because drill and blast samples have the same average, which is mandatory for carrying out all these calculations. Our objective is to estimate the average grade at the block scale and we compare it with two other systems: block grade estimate by kriging using only drill-holes and block grade estimate by kriging using only blast-holes. Figure 6 shows the results. Figure 6 . Scatter diagrams between the true values (horizontal axis) and estimations (vertical axis). Upper left figure, estimation is kriging using drill-holes; upper right figure, kriging using blast-holes; bottom figure, kriging using both blast and drill samples together.
For the three previous scatter diagrams, the horizontal axis is the true block grade. The upper left-hand diagram is the result obtained by ordinary kriging with drill samples; the upper right-hand diagram is the result obtained with blast samples. The jump by the correlation coefficient from 0.38 (OK using drills) to 0.88 (OK using blasts) is impressive. Even if the blast samples are regularized over 15m, the fact that they are more numerous and respect the variogram (up to a nugget effect) justifies their use when possible, in selections for mining operations, instead of the drill samples. The bottom diagram concerns cokriging using blast and drill samples together. The performance is similar to ordinary kriging with blast samples only. In our case cokriging is not useful because the blasts are so numerous that adding a drill contribution does not improve the results. This does not mean that such a system is not helpful, for example in short-term planning to evaluate a domain to be blasted where there are only drill-holes.
Moving average or kriging?
In our case, short-term planning is based on averages using the blast samples included in the block, so the question is whether kriging can produce an improvement. We are comparing three experiments:
• Ordinary kriging with 24 surrounding blast measurements (previous work); • Moving average with the same 24 surrounding blast measurements;
• Moving average with 4 blast measurements at the same elevation. Figure 7 shows the results. Replacing ordinary kriging by an average reduces the correlation with the truth from 0.88 to 0.74. This is a very large reduction which should encourage the practitioners to use kriging instead of present practices in the company. If practitioners do not want to change their habits, one can see that with only four points, the result is better than when 24 points are used because the smoothing is weaker: the correlation with the truth increases from 0.74 to 0.84, a result still below the one obtained with kriging but very close to it. Does this mean that we recommend a moving average with only 4 points? NO! To use so few points is risky for reasons of conditional bias. To illustrate this concept, consider again the previous scatter diagram but this time, with the true block grade for the vertical axis and the estimate on the horizontal axis (figure 8). In the previous figures, red continuous curves represent the mathematical expectations of the true values conditioned by different estimates. We focus on the most representative [0.3%, 1%] range of grades. When kriging is done with 24 points, the conditional expectation curve is close to the first diagonal. Thus, when we select the block according to its estimation, we obtain, on average, what we expect, with perhaps a slight tendency to underestimate the high grades When we replace kriging by a moving average using 24 points, the red curve is still close to the diagonal, with a slight tendency to overestimate the low grades and underestimate the high ones When the moving average is done with only 4 points, the conditional bias appears clearly: in the range of the low grades, we systematically underestimate the average grade of the blocks and may decide to classify as "waste" blocks that are in reality richer than expected. Conversely, in the range of the high grades, this mov-ing average with only 4 points systematically overestimates the average grade of the block so that we classify as "rich" blocks which must be considered "waste". It is for this reason that one must use enough points in the kriging neighborhood for grade control, and reflect on the reason why kriging and geostatistics were created (Matheron, 1971) .
Conclusion
The study of a porphyry copper deposit showed a formal link between blast-and drill-holes, leading to numerous linear systems able at least, to filter blast errors, make blast deconvolution or build a block model using blasts and drills together; techniques that could be used at different stages of the mining process. Tested on a realistic simulation, these systems have proved their worth, as well as the danger of replacing kriging by a moving average, especially with few points, producing a strong conditional bias, and this is a useful reminder of the reason why kriging was created. Overall, a formal comparison between blast-and drill-holes shows that in this mine -and more generally, in this company -the quality of the blast values is as good as the quality of the drill values, contrary to conventional wisdom.
